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with these values, because they  were derived from 
prisms of orientatibns which involve all the four con- 
stants ,  bu t  wi thout  tak ing  such a fact  into account.  

I t  m a y  be no ted  t h a t  the stress-optical constants  for 
ammonium alum are the  largest  known of all cubic 
crystals so far  studied. 

Four  independent  constants  are required for de- 
scribing the  photo-elastic behaviour in class Ta-2 /m ~, 
because the  cube axes are only digonal and not  te t ra-  
gonal. I t  can now be s ta ted  as a general rule applicable 
to all cubic crystals, t h a t  pressure along any  axis of 
tr igonal  or te t ragonal  symmet ry  makes  the  crystal  
optically uniaxial,  whereas pressure along any  digonal 
axis, or in a general direction, makes  the  crystal  bi- 
axial. 
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Note on the Bhagavantam-Suryanarayana Method of  Enumerating the 
Physical Constants of  Crystals 
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(Received 10 August 1948 and in revised form 5 October 1948) 

A method alternative to tha t  of Bhagavantam and Suryanarayana is given for enumerating, by 
group theory, the number of independent constants ~for any physical property of crystals in the 
32 classes; the method consists of finding first the explicit form of the representation in question for 
the full group of all rotations and reflexions and then obtaining the form for the individual crystal 
classes by specialization. 

In  this journal  B h a g a v a n t a m  & S u r y a n a r a y a n a  
(1949) have  described a group-theoretical  method of 
determining the number  of independent  constants  
describing various physical  properties of crystals in 
each of the 32 crystal  classes, their method being a 
var ian t  of a method developed by  the present  au thor  
(Jahn,  1937) in a paper  on the enumerat ion of the 
elastic constants  of crystals. I t  is the purpose of this 
note to show t h a t  the  results of B h a g a v a n t a m  & 
S u r y a n a r a y a n a  m a y  be obtained in a different manner  
which adheres more closely to the original method of 
the  writer.  

B h a g a v a n t a m  & S u r y a n a r a y a n a  consider a number  
of different types  of physical  properties (relations 
between tensors) for which they  list the character  of the 
appropr ia te  representation.  I t  m a y  be verified t h a t  the 
representat ion in each case is expressible in terms of 

* Now at University College, Southampton. 

t h a t  of a polar vector  as shown in the  accompanying  
Table 1. t  

In  Table 1, V denotes the  representat ion of a polar  
vector and the  nota t ion of Tisza (1933) is used for the  
symmetr ica l  product ,  IV2], of V with itself and higher 

t Notation for irreducible representations. In this paper, the 
standard notation used in molecular spectroscopy for the 
irreducible representations of the symmetry groups is adhered 
to : thus A or B denote always one-dimensional representations, 
E two-dimensional, F throe-dimensional; different repre- 
sentations being distinguished, by different suffixes. The 
(2L+ 1)-dimensional representation of the group (Roe) of all 
rotations is denoted by DL. g and u distinguish representations 
which are even or odd with respect to inversion, whilst a single 
or a double prime (', ") is used to distinguish representations 
which are even or odd with respect to a plane of symmetry. 
For a detailed account of this notation, which goes back to 
Tisza (1933), and for a full account of the algebra of irreducible 
representations, the reader is referred to the book by Herzberg 
(1945). 
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s y m m e t r i c a l  p roducts ,  e.g. the  symmet r i c a l  cube [V3]. 
e denotes  the  r ep re sen t a t i on  of  a pseudo scalar:  e = - 1 
i f  t he  s y m m e t r y  ope ra t ion  involves  an  invers ion ,  
e = + 1 otherwise.  

The  n u m b e r  of  i n d e p e n d e n t  cons tan t s  descr ibing 
each  p r o p e r t y  is t h e n  g iven b y  the  n u m b e r  of  t imes  the  

the  ex tens ion  of  th is  to  the  s y m m e t r i c a l  cube, viz. 

[ ( Z D a ) 3 ] = Z [ D a a ] + Z  Z D a [ D ~ ] + Z ~ Z D a D o D , ,  
a a a b#a a<b<e 

which  m a y  be p roved  in  the  same way,  us ing Tisza 's  
expressions for the  characters .  ( I t  is easy  to  ve r i fy  t h a t  
[D~] = Do + D~. + Da + Da + D6. ) 

Table  1. E n u m e r a t i o n  o f  p h y s i c a l  constants  f o r  isotropic solids 

No. Representation 
1 1 
2 V 

3, 3 (a) [V 2] 
4, 5 V 2 

6 V [ V 2] 
7 V ~ 
8 (a) [[ V2] ~] 
8 I V 2 1 2  

9 V ~" [ W'] 
I0 V 4 

11 V [[ V~] ~] 
12 [[ v~p] 
13 [ W] [[ W] ~] 

E e 
0 e [ V 2] 

Rg Rg R£ 
Dg 1 1 
D[ 0 0 
Dg + D~ 1 1 

g g Dgo + DI + D2 1 1 
2D[ + D'~ + D~ 0 0 

u 1. u u D O + 3D 1 + 2D 2 + D 3 0 1 
2D~ + 2D~ + D~ 2 2 

fl g ff g g 2D o + D 1 + 3D2 + D 3 + D 4 2 2 
2Dg + 3D[ + 4D~ + 2Dg + D~ 2 2 
3Dg + 6D[ + 6D~ + 3Dg + D~ 3 3 

u ~ u u 4D1 + 2D 3 + 3D a + D a + D 5 0 0 
3ng + 3D i + Dg + 2D~ + n~ 3 3 
4ng + 2D[ + 7D~ + 3ng + 4D~ + n~ + D~ 4 4 

n~ 0 1 
u z$ D o + D~. 0 1 

Physical property 

pyre-electricity 
thermal expansion 

piezo-electricity 

elasticity 
photo-elasticity 

2nd order elasticity 

enantiomorphism 
optical activity 

Tab le  2. E n u m e r a t i o n  o f  p h y s i c a l  constants  f o r  crystals o f  cubic s y m m e t r y  

No. Representation 

l 1 
2 V 

3, 3 (a) [vq  
4, 5 V 2 

6 V [ W] 
7 V 3 
S (a) [[Vq 2] 
8 - [ W ]  ~ 
9 W" [ W'] 

10 V 4 

11 V [[ V2] 2] 
12 [[V2] 3] 
13 [W] [[V2] 2] 

E e 
O e [ V 2] 

Tel O as Tel except as below 30 28 29 31 32 
Tel T T ~ 0 0 ~ 

A 1 1 1 1 1 1 
F~. F 1 0 0 0 0 0 
AI- t-E + F 2 1 1 1 1 1 
AI + E + 2'I + F 2 1 1 1 1 1 
AI-I- E + 2FI + 3Fg. A2 + E-t- 3FI + 2F~. 1 1 0 0 0 
AI + A~ W 2E + 3FI + 4F 2 AI + A2 + 2E + 4F1T 3F 2 1 2 0 1 0 
3A~+3E-I -F~T3F 2 3 3 3 3 3 
3A 1 + A 2 + 4E + 3F 1 + 5F 2 3 4 4 3 3 
3A, + 2A 2 + 5E + 6F 1 + 7F~ 3 5 5 3 3 
4A1 + 3A~. + 7E + 10/~1 + 10/~9. 4 7 7 4 4 

3A1+A2+4E+7.Fl%lOF 2 A l + 3 A 2 + 4 E + l O F 1 + 7 F  2 3 4 0 1 0 
6A 1 + 2A 2 + 6E + 4.F 1 + 8F~ 6 8 8 6 6 
9Al-i-4A2+ 13E+ 12Fl-t- 17F 2 9 13 13 9 9 

A 2 A 1 0 1 0 1 0 
A 2 + E + F  1 A 1 W E + F ,  0 1 0 1 0 

iden t ica l  r ep re sen t a t i on  occurs in  the  reduced form of  
t he  app rop r i a t e  r epresen ta t ion ,  as is shown in Table  1 
for  the  group of all  r o t a t i ons  and  reflexions R / (iso- 
t rop ic  solid). B h a g a v a n t a m  & S u r y a n a r a y a n a  eva lua t e  
th is  n u m b e r  by  a charac te r  ca lcu la t ion  which  for com- 
p l ica ted  groups is l eng thy .  The  reduced  form of t he  
represen ta t ion ,  however ,  m a y  be de r ived . in  each case 
d i rec t ly  and  re la t ive ly  s imply  using the  me thods  of  
Tisza and  the  presen t  writer .  Thus  the  de r iva t ion  of  the  
resul ts  con ta ined  in Table  1 required,  in  add i t i on  to  the  
fo rmula  a l r eady  g iven ( Jahn ,  1937) for the  s y m m e t r i c a l  
p r o d u c t  of  a reducible  represen ta t ion ,  viz. 

[ (ZDa)2]=~[D2a]+ Z ~ D a D b ,  
a a<b 

Since each of  the  32 c rys ta l lographic  groups  is a sub- 
group  of  R / , t he  n u m b e r  of  i n d e p e n d e n t  cons tan t s  can 
be d e t e r m i n e d  f rom Table  1 when  we know the  reduced  
form of  the  r ep resen ta t ions  D~,  Dr, for the  group in 
quest ion.  These  have  been l is ted by  the  presen t  wr i te r  
( Jahn ,  1938, Table  1) for  t he  group Ta and  f rom these  i t  
is easy to der ive the  resul ts  for all  the  groups  of  the  cubic 
sys tem as shown in Tab le  2. 

As shown in Tab le  2, the  resul ts  for t he  group  0 are  
the  same as for the  group Ta except  for t he  representa-  
t ions  con ta in ing  odd powers of  V or e, for which  we m u s t  
in t e rchange  A 1 wi th  A 2 (and 2'1 wi th  F2). The  resul ts  
for T are ob t a ined  f rom T~ by  iden t i fy ing  A 1 and  A 2. 
The  n u m b e r  of  cons tan t s  for T i and  0 i is the  same as for 

O 
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T a n d  0 excep t  when  the  r ep resen ta t ion  conta ins  odd 
powers  of  V or e, in which case there  are no constants .  

F o r  the  remain ing  c rys t a l l og raph ic  groups  it is con- 
ven ien t  to  consider first the  axia l  groups  C ~ ,  D ~ ,  D ~ .  
The reduced  forms  of  the  represen ta t ions  for these  
groups  are  conta ined  in Table  3 a n d  t h e y  m a y  be de- 
r ived  f rom Table  1, using the  following reduc t ion  of  
D ~ ,  D~ for  the  sub-groups  in ques t ion :  

Co~: D~ = -42)Aq -t- E1 + E2 + ...-b E L for L ( odd ~ 

{A:} [ even / .  
"D~ = + E 1 -t- E 2 -F... -b E L for L ( odd ] 

D~" r)g _ ~ A ; ]  , , , / E ~ / f o r  L / e v e n t  
toddy' 

• 

IA'II , ,, lEVI / even  / 
D~ [ A ~  + Ex + E~ + E'a... + [ E k ]  for L ( o d d ] "  

we ob ta in  the  resul ts  f rom Co~ b y  p u t t i n g  A ~ = A 2 = A "  
For  C~ the  resul ts  follow f rom D~ when  we p u t  

' " "=A" A~=A'~=A' ;  A~=A~ . 

F r o m  the  resul ts  con ta ined  in Table  3 we can r e a d  off 
the  n u m b e r  of  c o n s t a n t s  for the  25 c rys ta l lograph ic  
groups  l isted in Table  4, using the  following resul ts  of  
Tisza" 

(1) Fo r  

C~  and  D2" E~. = Ea = Ee . . . . .  E 0 = Ax + A~., 

i.e. E~., Ea, Ee-~A1, 

C3v a n d  D 3 : E 3 = E e . . . . .  E 0 = A~ + A2, 

i.e. E3,  Ee ->A1, 

C~, a n d  Da : E~ = ' . . . .  E 0 = A~ + A2,  

i.e. Ea -~A~, 

Ce, a n d  D e : Ee . . . . .  E o = A ~ + A ~  , 
i.e. Ee -->A~. 

D ~ :  D~or {A~} _~evenl 
u= A2 _t_ E _t_ E2_F ..._b EL for L t  odd t " 

This leads to the  same resul ts  for Doo as for C ~  except  
where  the  r ep resen ta t ion  conta ins  odd powers  of  V or e, 
in which case A~ and  A~ m u s t  be in te rchanged .  Fo r  C~ 

(2) Fo r  C~, A ~ = A ~ = A ,  so t h a t ,  for 

C~: E2, Ea, E ~ 2 A ,  

C 3 : E3,  E 6 -~2A, 

(74: E~ ->2A, 

Ce : Ee ->2A. 

N O ,  

2 

3, 3 (a) 

4 ,  5 

6 

7 

8 (a) 

8 

9 

10 

11 

12 

13 

E 

0 

Representation 

1 

V 

IV ~] 

V ~ 

v [ v'] 

V ~ 

[[v~] ~] 

[V~]* 

V ~ [ V*] 

V* 

v [[ w]*] 

[[vsp] 

[ V'] [[ V*]*] 

e [ V*] 

Table 3. Reduction of representations for the full axial groups 

Goov 
D~ 

Ax 
A1 + E1 
A;'+E~ 
2A1 + E l  +E~ 
2A ~ -t- E[ q- E~ 
2A1 ÷ A2 + 2E1 + E2 
2Ai +A~ + 2E~ +E~ 
3A +. A s + 4E 1 + 2E2 + E s 
A~ + 3A~ + 4E~ + 2E~' + E~ 
4_41 + 3A~ + 6E 1 + 3E~ -F E3 
3Ai' + 4A~ + 6El + 3V~ + E; 
5A 1 + 3E1 + 3E2 + Es + E4 

/ /t  / # t (5A 1 + 3E 1 + 3E 2 + E a  + E  4 
{ 6A 1 + 2A~. + 6EI#-b 5E~ + 2E.+ E, 

6A~ + 2A~ + 6E~ + 5E~ + 2E~"~+E~ 

{ 7A 1 + 5A~ + 10E 1 + 7E~ + 3E 3 + E 4 

7A~ + 5A~ + 10E~' + 7E~ + 3E~ +E~ 

{ 10A 1 + 9A2 + 16E1 + 10E~. Jr 4Ea + E4 
10Ai +. 9A~. + 16E~" + 10E~ + 4E~' + E~ 

{ SA 1 + 3A~ -b 1 1E 1 + 7E 2 + 5E 3 + 2E 4 + E 5 
3A~'+ 8A~'+ llE~ + 7E~+ 5E~ + 2E~-bE~ 

~ 9A1 -F A~ + 7E~ + 7E~ + 4E a + 3E 4 + E 5 + E e 
9A~ + A~ + 7E~' + 7E~ + 4E~' + 3E~ + E~' + E~ 
16A t + 6A 2 + 18E 1 + 16E2 + 9E 8 + 6Ea + 2E~ + E6 
16A~ q- 6A ~ -b 18E~ q- 16E~ -b 9El' q- 6E~ -b 2E~' :b E~ 

{ 2A~ + E~ + E~ 
2Ai'+~i +E~ 

D ~ a s  C~,  except as below 

. A2-bE 1 

A 1 + 3A~ + 4E 1 + 2E~ ÷ E8 

3A 1 + 4A~ + 6E 1 + 3E~ + E8 

3A 1 + 8A~-t- 1 1E 1 -t- 7E2 + SEa + 2E4 + E 5 

A 1 

2A1 T/i71 + E2 
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T a b l e  4. Enumera t ion  of  physical  constants for  crystals of  axial  symmetry  

Group 6 18 12 25 7 19 14 26 1 4 16 9 22 2 5 17 11 23 8 20 15 27 3 21 24 
~o. C~v Csv C4v C,v D2 Da na De Cz C~. G8 Ca Ce Ci Ci~ C~ C~ C~ D~ Dia D~ D~ C~ C h Daa 

2 1 1 1 1 0 0 0 0 3 1 1 1 1 0 0 0 0 0 0 0 0 0 2 0 0 
3, 3 (a) 3 2 2 2 3 2 2 2 6 4 2 2 2 6 4 2 2 2 3 2 2 2 4 2 2 

4, 5 3 2 2 2 3 2 2 2 9 5 3 3 3 9 5 3 3 3 3 2 2 2 5 3 2 
6 5 4 3 3 3 2 1 1 18 8 6 4 4 0 0 0 0 0 0 0 0 0 10 2 1 
7 7 5 4 4 6 4 3 3 27 13 9 7 7 0 0 0 0 0 0 0 0 0 14 2 1 
8(a)  9 6 6 5 9 6 6 5 21 13 7 7 5 21 13 7 7 5 9 6 6 5 13 5 5 
8 12 8 7 6 12 8 7 6 36 20 12 10 8 36 20 12 10 8 12 8 7 6 20 8 6 
9 15 10 8 7 15 10 8 7 54 28 18 14 12, 54 28 18 14 12 15 10 8 7 28 12 7 

10 21 14 11 10 21 14 11 10 81 41 27 21 19 81 41 27 21 19 21 14 11 10 41 19 10 
11 17 13 10 8 12 8 5 3 63 29 21 15 11 0 0 0 0 0 0 0 0 0 34 10 5 
12 20 14 12 10 20 14 12 10 56 32 20 16 12 56 32 20 16 12 20 14 12 10 32 12 10 
13 39 26 22 17 39 26 22 17 126 68 42 34 24 126 68 42 34 24 39 26 22 17 68 24 17 
E 0 0 0 0 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 
0 1 0 0 0 3 2 2 2 6 4 2 2 2 0 0 0 0 0 0 0 0 0 2 0 0 

T a b l e  5. Enumera t ion  of  physical  constants for  crystals of  s ymmetry  Say and S 4 

13 10 
No. Represen ta t ion  S4v ,S'4~, S 4 

1 1 A z 1 1 
2 V Bz+E1 0 0 

3, 3 (a) [V =] 2AI+BI+B=+E 1 2 2 
4, 5 V z 2AI + A=+ Bz + B~+ 2E 1 2 3 

6 V [ V =] 2A z + 2A= + 3B~ + B= + 5E z 2 4 
7 V s 3A 1 + 3A= + 4/31 + 3B= + 7E 1 3 6 
8 (a) [[ V2] 2] 6A 1 +A= + 3B~ + 3B= + 4 E  z 6 7 
8 [ V2] ~ 7A 1 + 3A= + 5B 1 + 5B~ + 8E x 7 10 
9 V = [ V =] 8A z + 6A~. + 7B z + 7B~. + 13E z 8 14 

10 V 4 11A 1 + 10A~. + 10B 1 + 10B= + 20E 1 11 21 

11 V [[ V2] 2] 7Az + 7A2 + 10B z + 5B~. + 17E 1 7 14 
12 [[ V~] 3] 12Az + 4Az + 8B z + 8B9. + 12E z 12 16 
13 [ V 2] [[ V2] 2] 22A z + 12A~. + 17B z + 17B~ + 29E z 22 34 

E e B2 0 0 
0 e [V 2] A z + A = +  2B2+E1 1 2 

(3) F o r  C/~ a n d  D/~ p r o p e r t i e s  2, 6, 7, 11, E a n d  0 case  t h o s e  o f  B h a g a v a n t a m  & S u r y a n a r a y a n a ,  t h e i r  
c h a n g e  s i g n  o n  i n v e r s i o n  a n d  h e n c e  g i v e  ze ro ,  o t h e r s  as  n u m b e r i n g  o f  t h e  g r o u p s  b e i n g  g i v e n  i n  t h e  a b o v e  

fo r  t h e  g r o u p s  C~ a n d  D ~ .  T a b l e s  a b o v e  t h e  S c h o e n f l i e s  s y m b o l  ( w h i c h  w e  h a v e  

(4) F o r  C~ ' ' • E~  = 2 A ,  s l i g h t l y  m o d i f i e d  in  s o m e  cases) .  I n  a d d i t i o n  we  h a v e  

C~" E~,  E'6--->2A'l, d e r i v e d  t h e  n u m b e r  o f  c o n s t a n t s  f o r  a c o m p l e t e l y  iso- 

D~3" E'a, E '  6--->A'1. t r o p i c  so l id  o r  f o r  o n e  h a v i n g  c o m p l e t e  a x i a l  s y m m e t r y .  

O f  t h e  32 c r y s t a l l o g r a p h i c  g r o u p s  t h e r e  r e m a i n  o n l y  R e f e r e n c e s  
S4v a n d  S 4 . T h e s e  c o u l d  b e  t r e a t e d  b y  t h e  B h a g a v a n t a m -  
S u r y a n a r a y a n a  m e t h o d  q u i t e  e a s i l y  b u t  fo r  c o m p l e t e -  B~AaAVANTA~, S. & SV~YA~'qA_RAYANA, D.  (1949). Acta 

n e s s  w e  g i v e  t h e  r e d u c e d  f o r m  o f  t h e  r e p r e s e n t a t i o n s  fo r  Cryst. 2, 21. 
S4v a l so  in  T a b l e  5. T h o s e  fo r  $4 f o l l o w  b y  i d e n t i f y i n g  J ~ ,  H.  A. (1937)• Z. Krystallogr. 98,  191. 

J~A~¢, H.  A. (1938). Proc. Roy. Soc. A, 168,  469. 
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